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Abstract. In this paper we prove that, given a holomorphic foliation by curves on 
C P  n, of degree _> 2, whose singularities have nondegenerate linear part, then there 
exists a hermitian metric 9 on C P  n - S (S = singular set) which is complete and 
induces strictly negative Gaussian curvature on the leaves of the foliation (Theorem 
B). This implies, in particular, that  all leaves of the foliation are uniformized by the 
unit disc and that the set of uniformizations of the leaves is paraeompact (Theorem 
A). We obtain also some consequences concerning the non existence of vanishing cycles 
in the sense of Novikov, the equivalence of the existence of a parabolic element in the 
group of deck transformations of the leaf and of a separatrix in the leaf, etc... 

1. Introduct ion 

Let 5 be a singular foliation by curves on M,  a compact  connected 

complex manifold of dimension n > 2. We denote by S(5 c) the singular 

set of S .  Concerning the analytic s t ructure  of the leaves of 5 c (outside 

S(S) ) ,  several questions arise naturally: 

I - When  all leaves of 5 c are covered by the unit disk, II3? 

If this is the case we will use the following notation: 

g/(5 c) = {a: I)  ---+ M - S(.,~')la is an uniformization of some leaf o f /v}  

II - Suppose that  all leaves of 5 are covered by the unit disk. Wha t  is 

the nature of/g(Sc), if we consider it as a subset  of O(D, M)  = {f: 1) -+ 

M I f  is holomorphic} with the topology of uniform convergence in the 

compact  parts  of D? More precisely, what  i s / t ( 5 ) ,  the closure of U ( ~ ) ?  

I I I  - In the same hypothesis  of II, how is the Poincar6 metric of the 

leaves of 5-, if we consider it in M - S(5C)? Is it continuous? How does 
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it behaves in a neighborhood of S(5=)? Is there a Cr(r >_ 0) hermitian 

metric # in M - S($-) such that  # induces the  Poincar6 metric in the 

leaves of 5c? 

IV - In the same hypothesis  of II, given a leaf L, how is G(L), the Pueh- 

sian group of deck transformations associated to a universal covering of 

L? How does G(L) varies with L? Wha t  can be said about  the topology 

of the leaves of 5c? 

V - If 2" is as in I ,  how are the neighbours foliations? Are their leaves 

uniformized by the unit disc? If yes, how the uniformizations vary with 

the foliation? 

In this paper we intend to answer some of these questions when 

M = C P  n, n > 2, and ~ is a foliation of degree > 2, such that  its 

singularities have Milnor's number  1 ( that  is nondegenerate linear part).  

The main technique will be the construction of a C 2 hermitian metric 9 

on C P  n - S ( U )  which induces negative Gaussian curvature on the leaves 

of 5 ~. Before s ta te  the precise results we have, let us fix some notations. 

Let g be a hermitian metric on M - S($-) of class C ~, r >_ 2. Define 

Kg: M - S(.~) --~ X by (Kg E Cr-2) .  

Kg(p) = Gaussian curvature of Lp at p, where Lp is the leaf of ~" 

through p. 

If Kg(p) < - a ,  a > O, for all p E M - S(9c), then all leaves of $" 

are uniformized by the unit disc ID. In this case we can consider the set 

b/(5 c) as defined in I. Our first result is of a general nature and will be  

used in the case of C/~ . 

T h e o r e m  A. Let M,  ~ and S(U) be as above. Suppose that there exists 

a hermitian metric g on M - S(U) such that: 

a) g is complete (that is, the distance induced by g on M - S(U) is 

complete) and C ~, r >_ 2, 

b) Kg(p) < - a  2, a > 0, V p E M - S (~ ) .  

c) All connected components of S(U) have a neighbourhood hyperbolic, 

in the sense of [K]. 

Then Lt(U) is relatively compact in the topology of uniform con- 

vergence in the compact parts of D. Moreover, its closure lg(U) C 
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PROJECTIVE FOLIATIONS BY CURVES 183 

U(5 ~) U O(]I), S(5~)), where O(]I3, S(5~)) = {a: ]I) -~ M ] a  is holomorphic 

and a(D) C S(5~)}. In particular, i f  (am)m>_l is a sequence in lg(U), 

then (am) has a convergent subsequence, which converges to a: • --+ M,  

where either a E hi(U) or a E O(D, S(U)).  

Since a point p E M has a hyperbolic neighbourhood (for instance a 

polydisc), we get the following: 

Corollary 1. Let M ,  5 and S(a ~) be as above. Suppose that there 

exists a hermitian metric g on M - S ( 5 )  which satisfies hypothesis 

a) and b) of Theorem A, and c') S(U) is finite. Then all conclu- 

sions of Theorem A are true. Moreover U(SF) = U(U) U S, where 

S = {a: D --+ S ( ~ ) [ a  is constant}. 

Concerning the Poincar~ metric on the leaves of 9 v, we have the 

following: 

Corollary 2. Let M ,  .~ and S(.T) be as before, and suppose that there 

exists a hermitian metric g which satisfies a) and b) of Theorem A. Then 

there exists a (unique) continuous function h: M - S(.T) --~ (0, + ~ )  such 

that the continuous hermitian metric p = h �9 g is complete and induces 

the Poincard metric on the leaves of ~ .  Moreover, i f  g satisfies also 
d) / 4 g _ > - b  2 , b > 0  

then # is equivalent to g. 

Definition. We say tha t  a foliation by curves 5 r has a vanishing cycle 

outside S(U) (in the sense of Novikov IN]), if ~- has a leaf L with the 

following properties: 

i) L contains a closed curve 7, which is not homotopic to a constant in 

L. 

ii) The holonomy of 7 (in some transversal section E through p ~ E (7 

7), h: (E,p) -+ (E,p) has an infinite number of distinct fixed points 

(Pn)n>_l where lim Pn = P, so tha t  for n > no, we can lift ~ to a 
Tg--~ OO 

closed curve ~n, contained in Lpn  , the leaf of U through Pn, where 

Pn C "Yn and 7n --~ 7 uniformly. 

iii) (Tn)n_>n0, has a subsequence (Tnk)~>l , such tha t  ~/~k is homotopic to 

a constant in the leaf Lpn k . 

An interesting consequence of Theorem A is the following: 
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Corollary 3. Let M ,  5P and S(:~) be as before and suppose that there 

exists a hermitian metric like in Theorem A. Then 5~ has no vanishing 

cycles outside S( jr) .  

Example. Let j r  be a foliation by curves in CP(n)  whose singularities 

have Milnor's number 1. In this case j r  has a finite number of singu- 

larities, say P l , . - .  ,PN. For each j let Bj  be a small ball around pj, in 

such a way that  B~ n / 3 j  = r if i # j .  Set 

N 

M = C P ( n ) -  U B j  
j= l  

and G = j r lM. If j r  has a singularity, say Pl, in the Siegel domain, then 

has a vanishing cycle outside S(G), because there is some leaf L of j r  

which is tangent to OB1 at some point ql E L N 0/31, in such a way that  

L is locally outside B1 (see Figure 1). In this case it is not possible to 

find a metric g in M which satisfies a) and b) of Theorem A, although 

it is possible to find one which satisfies b). 

0 B1 

Figure 1 

The main result of this paper is the following: 

Theo rem B. Let j r  be a foliation on C P  n, n >_ 2, such that: 

a) deg(jr) > 2. 

b) All singularities of j r  are isolated and have Milnor's number 1. 

Then there exists a C 2 hermit ian metric g on C P  n - S( jr)  which 

is complete and such that Kg(p) < - a ,  a > O, V p E C P  n - S( jr ) .  In 

particular all leaves of j r  are uniformized by D and u(jr) = u( .  ~) U S, 

where s = s(jr)l  is eonstar t}. 
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It is convenient to observe here tha t  a holomorphic foliation 9 v on 

C P  n, n > 2, with isolated singularities can be defined in an affine co- 

ordinate system C ~ c C P  ~ by a polynomial differential equation of the 

form: 

= P(z) ,  z = (Z l , . . .  ,Zn), P = (PI , - . -  , Pn) (*) 

where C n C~ S(U) = {P = O} and the leaves of $'[C n are the complex so- 

lutions of (*). If the affine coordinate system is such tha t  the hyperplane 

at infinity is not invariant for S ,  then P can be writ ten as 

P ( z )  = po + " "  + p k ( z )  + gk(z )  . z 

where pj: C n --+ C n is homogeneous of degree j and gk: C n --+ C is 

homogeneous of degree k and gk ~ O. The degree of b ~ is by definition 

k. If the hyperplane at infinity is invariant then P has the same form, 

but in this case gk = O, Pk ~ 0 and pk can not be writ ten as gk-l(z) �9 z, 

where gk-1 is homogeneous of degree k - 1 .  Conversely, if 7 is a foliation 

on C n, given by a differential equation as in (,), then it can be extended 

to a unique foliation 5 r on CP(n) .  

An interesting consequence of Theorem B, which is a foliated version 

of Picard's  small Theorem, is the following: 

Corol lary4.  Consider a differential equation in C n like in ( ,)  and let 

be the foliation on C P  n whose leaves extend the solutions of ( ,) .  Suppose 

that .~ has degree > 2 and that all singularities of ~ have Milnor's  

number 1. Then the unique solutions z (T)  of ( ,)  which can be extended 

to all C are the constant solutions z =- zo E S(U)  (3 C n. 

The corollary is true because all non singular leaves of U are covered 

by the unit  disc. 

Next we will s tate a result which can be considered as a foliated 

version of big Picard's Theorem. Let 5 be a foliation on C P  n with 

degree _> 2 and whose singularities have Milnor's number 1. 

Corollary 5. Let h: D* --+ C P  n be a holomorphic map (D* = D - {0}), 

such that h(D*) C L, where L is some leaf of ~ .  Then h extends to a 

holomorphic map it: • -+ C P  n in such a way that either h(O) E L or 

[~(0) ~ S ( 7 ) .  
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Let us state an interesting consequence of Corollary 5. Let 9 v be as 

in Corollary 5 and L be a leaf of ~. We will say that L contains a local 

separatrix of b e if there exists p E S(~') and an irreducible (germ) of 

analytic curve F, eventually singular at p, with the following properties: 

a) F = F - {p} is a smooth curve. 

b) r c L .  
In this case, it is known that  F admits a Puiseaux's parametr izat ion 

in a neighbourhood of p, tha t  is, there exists a neighbourhood V of p 

and a holomorphic map & D -+ V such that:  

c) 6 ( D ) = F M V a n d 6 ( D * ) = F M V .  

d) ~ = ~SID*: D* --+ V is an embedding. 

Now,  consider ~: D* --+ L and the induced map in the homotopy 

~,:rq(D*) + rq(L). Let -y E rq(L) be the image of a generator of 

7rl(D*) -~ Z, by ~,. Let c~:D -+ L be an uniformization of L, G(L) C 

PSL(2,]R), be the group of deck transformations associated to ~ and 

d: rcl (L) --+ G(L) be an isomorphism (associated to ~). We will see in w 

tha t  d(7) is parabolic. We have the following result: 

Corollary 6. Let f be as in Corollary 5, L be a leaf of  ~ ,  (~: D -+ L, 

G(L) and d: rq(L) -+ G(L) be as above. Then G(L) contains a parabolic 

element h if, and only if, L contains a local separatrix P of U. Moreover, 

i f  this is the case, then d- l (h )  = ~/k, for  some k E Z - {0}, where "7 is 

obtained by using a Puiseaux's parametrization o f f  as indicated before. 

Let us state now a result related to question V. 

We will see in the proof of Theorem B tha t  the metric g can be 

constructed in such a way tha t  it is also C 2 with respect to $-. Let N~ 

be the set of foliations on C P  n, n > 2, with degree k > 2 and whose 

singularities are isolated and have Mitnor's number  1. Observe tha t  Nff 

is an open and dense subset of the  set of all foliations of degree k in 

C P  n (in fact it is a Zariski's open set). Let 

U~ = {(5-, c~)]9 e E Nff and (~ E L/(U) or a : D  --+ S(9 v) is constant}. 

We have the following consequence: 

T h e o r e m  C. /A~ is locally compact. In particular, i f  (C~m)n>l is a se- 
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quence, such that for all m >_ 1, am is an uniformization of some leaf 

of ~,~ E N~,  where Y:~ ~ -~o E N~,  then (am)m_>1 has a subsequence 

which converges to so, where either so E H(~O) or ao(D) is a constant 

in S(::o). 
This result can be considered as a kind of "continuous dependence 

of the solution with parameters  and initial conditions". 

Remarks. 

1 - In [C,G], Candel and G6mez-Mont prove a result similar to the 

conclusion of Theorem B, for n = 2. They  assume that  all singularities 

of 5 r are hyperbolic and that  5 r has no algebraic leaf, so that  our result 

is a little bit more general. Nevertheless, the technique that  they use to 

prove that  all leaves of $" are uniformized by II} is different and could 

be interesting in itself. They  prove that ,  under their hypothesis,  $- has 

no transverse invariant measure and from this they  conclude that  the 

leaves of 5 r can not be covered by C. Also, their proof  of the fact that  

a convergent sequence of uniformization which does not converge to an 

uniformization, converges to a constant  in S($')  is different. They  prove 

first in the "local case", and in their proof  they use that  the foliation is 

equivalent to a linear vector field in a neighbourhood of each singularity. 

We would like to observe here that  our technique works well in this case 

too. More specifically we will consider the following situation: let X 

be a holomorphic vector field defined in a bounded polydisc P C C n 

which has a unique singularity at 0 E P .  Let $" be the singular foliation 

whose leaves are the non constant  solutions of ~ = X(z) .  Since P is a 

hyperbolic manifold (cf. ch. IV of [K]), it follows that  all leaves of 9 ~ 

are uniformized by the unit disc. Let N(5 v) be as before. 

Proposi t ion  7. In the above situation, suppose that DX(O) is non sin- 

gular and that IX(z)[ _> c > 0 i f  z E P and [z] >_ r, for  some r > 0 such 

that Br(O) C P.  Then there exists a hermitian metric g on P -  {0} such 

that: 

a) g is complete. 

b) K g ( p ) < - a , a > O ,  V p E P - { O } .  

In particular, let (O~m)m>l be a sequence in Lt(U) such that there 
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exists lim am(O) = q, q E P.  Then, if  q = O, am ~ 0 uniformly in 
m--+c~ 

the compact parts of D, and if  q ~ 0 then (am) has a subsequence which 

converges to some a E bt(U), which uniformizes Lq. 

A natural  problem is the following: 

Problem. To find the "more general" singularity of a holomorphic germ 

of vector field for which the conclusions of Proposi t ion 7 are true. 

2 - We would like to observe here that  Corollaries 5 and 6 could be  s ta ted 

in the more general setting of Theorem A. However we have preferred 

to state them in the case of M = C P  n because this is the unique case 

in which we have a concrete metric g like in Theorem A. 

3 - We think that  our construction can be extended to singular foliations 

defined in more general projective manifolds. For instance in the  case 

of a foliation on M C CP n, whose singularities have Milnor's number  1 

and which is the restriction of some foliation on C P  n. However in this 

case there are some difficulties, according to the nature of the extended 

foliation. 

4 - The metric g of Theorem B was inspired in a metric constructed in 

of [CLS]. 

2. P r o o f s  o f  T h e o r e m  A and  o f  Corol laries  2 and  3 

2.1 Proof  o f  Theorem A 

Let M, 9 c, S(U)  and g be as in the hypothesis of Theorem A. Suppose 

that  

Kg(p)  < - a  2 V p c M - S ( f ) ,  

where a 2 > 0. Ahlfor's lemma (cf. ch. I of [K]) implies tha t  for any 

a E H ( ~ )  we have: 

1 
d(a(z2), a(Zl)) _< dL(a(z2), a(Zl)) <_ adP(z2, Zl), (1) 

where d is the distance on M - S(5 v) induced by g, dL the distance 

induced by 9 on the leaf L uniformized by a and dp is the  Poincar@ 

distance on D. In particular H(.T) is equicontinuous. 

Let (am),~>l be a sequence in H(U).  By taking a subsequence, if 
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necessary, we can suppose that (ara(O))ra_>l converges, say 

lim C~m(O) = p E M. 
m - - - *  O0  

Suppose first tha t  p E S(5c). We will prove tha t  in this case (am) has a 

subsequence which converges to a: D --+ M, where a(D) C S(5c). 

Let C be the connected component  of S(~ c) which contains p and let 

V be a hyperbolic neighbourhood of C. Fix P0 E M - S($-) and let 

B~ = {q c M - S(~)]~(q,  po) _< ~}. 

Since 9 is complete we have: 

i) Br is compact  for any 0 < r < +oc. 

ii) U B r  = M -  S ( 5 ) .  
r > 0  

For r > 0, let W~ be the connected component  of M - Br  which 

contains p. It follows from (i) and (ii) that:  

iii) [~ Wr = C and Wr, c Wr if r' > r. 
r > 0  

iv) If r is big enough then W r  C V .  

Now, fix 0 < p < 1 and r0 such tha t  W r  C V if r _> r0. Let 

c(p) = a -1 .dp(O, p). Fix also rn 0 _> 1 such tha t  am(0) E Wr, for rn >_ rn0, 

where r' = r + c(p). Inequali ty (1) implies tha t  if z E Dp = {zllzl _< p}, 

then 
d(~.~(z),po) _> d(~m(O),pO) - d ( ~ ( z ) ,  an(O)) 

> r' -- a - l d p ( z , O )  >_ r' - c(p) = r. 

Therefore Ozm(Dp) C M -  Br .  From connectedness, it follows tha t  

am(Do)  C W~ for rn >_ rn 0. Now, since W~ 0 is compact  and V is 

hyperbolic, the sequence, (c~m[Dp)m>_m0 is normal, and so it has a sub- 

sequence which converges uniformly, say am k IDp --~ ap as k --+ cx~, where 

ap: Dp --+ W r  o. From the above argument,  it is clear tha t  

a p ( ~  o) c ~1 W.. = C. 
r>_r 0 

We have proved tha t  for any 0 < p < 1, the sequence  (am[Dp)m>_l has a 

subsequence (amp(k) [Dp)k_>l which converges uniformly to ap: Dp ~ C. 

By using this and the diagonal Cantor 's  method,  it is not difficult to see 
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t h a t  (ara)m>l has a subsequence (O~rak)k>l , which converges to a:  II3 --, C 

in the  compac t  par ts  of 113. 

Suppose now t h a t  c~m(0) - -+p E M - S ( ~ ) .  Fix 0 < p < 1 and  

consider the  sequence (am fDp)m>_l. Let  

ro = sup{d(am(O),po)Im >_ 1} < +oc  

and  c(p) = a-ldp(O, p). I t  follows f rom (1) t h a t  for all m _> 1: 

d(ara(z),po) <_ d(am(z), am(O)) + d(c~m(O),po) _< c(p) + r 0 = r', 

so t h a t  am(Dp) C 13r, for all ra _> 1. Inequal i ty  (1) implies also 

t h a t  (am[Dp)m>_l is equicont inuous.  Since By, is compact ,  it  follow 

t h a t  (am I Dp)m>_l has a subsequence which converges un i formly  to some 

ap: Dp --+ Br,. This  fact and  diagonal  Can to r ' s  m e t h o d  imply  once 

again t h a t  (am)m>_l has a subsequence which converges to some a: 113 --* 

M - S ( U )  in the  compac t  par ts  of D. Let  us prove t h a t  a E L/(Sr). F rom 

now on we suppose t h a t  (am),~>l converges to a: D --* M - S(U) in the  

compac t  par t s  of II) and  lim am(0) = p = a(0). 
m ~ O O  

Define A: M - S( )  r )  --+ (0, +oo) by 

~(q) = gq(7'(O)) (2) 

where "y: ID --+ Lq is an uni formiza t ion  of Lq, the  leaf of .T" t h rough  q, 

such t h a t  if(0) = q. 

I t  is well known t h a t  

)~(q) = sup{gq(6'(O))]6: D --+ Lq and 6(0) = q} 

and  t h a t  if 9q(fl'(O)) = ~(q), where/3:  ID --+ Lq is such that /3(0)  = q, t hen  

/3 is an  uni formiza t ion  of Lq (cf. Iv]). I t  is known also t h a t  ~ is lower 

semicont inuous  (cf. [C] and  [V]). Let  3': D --+ Lp be an  un i formiza t ion  

such t h a t  7(0) = p and  am --~ a as above, where a(0) = p. Since 

a r a : D  --+ Lpm, Pm = a m ( 0 ) ,  i t  is no t  difficult to  see t h a t  a : D  --* Lp. 

Therefore  

9p(a ' (o) )  < = 9p(7 '(0)) .  

On the  o ther  hand ,  since A in lower semicont inuous  we mus t  have 

lim A(Pm) = lim gpm(a~(O)) = gp(a'(O)) > )~(p), 
m---,cc m ~ c c  
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so that ,  gp(a'(O)) = A(p), which implies tha t  a E L/(Jr). 

Theorem A. [] 

191 

This proves 

2 . 2  P r o o f  o f  C o r o l l a r y  2 

Observe first tha t  the last argument  in the proof of Theorem A, proves 

tha t  A is continuous and does not  depend on the  hypothesis (c) of Theo- 

rem A. On the other hand, a direct computat ion shows that ,  if c~ C b/(U), 

~(0) = p, then 

A(c~(z)) = (1 -Iz12)29~(z)(o/(z)) (3) 

Relation (3) can be proved by taking 

/3(w) = a ' ,1 + z w  ' 

where/3(0) = a(z) and 

3'(0) = (1 - ]z ]2)~ ' (z ) .  

It implies tha t  # = 4A -1 �9 g induces the Poincar6 metric  on Lp. From 

Ahlfor's lemma it follows tha t  

1 4]dz] 2 
ga(z)(a'(z))ldz[ 2 = oz*(g) _< a2 (1 - [ z l 2 )  2" 

Hence A(p) = ga(0)(a'(0)) < 4 - -  so tha t  0 < A < 4a -2. This implies that  - a 2 , 

# = 4A -1 . g > a2g. 

Since g is complete, # is also complete. 

Now, suppose tha t  Kg k - b  2, b > 0. Since g is complete, if a is as 

before, a Theorem of Bland and KMka (cf. [B-K]) implies tha t  

1 41dzl 2 a*(g) >_ 
52 (1 -[~12) 2' 

and so A(p) = g~(o)(a'(O)) _> 4/b 2, and we get that ,  

a29 < # < b29 . 
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This implies tha t  # and g are equivalent, which proves Coroliary 2. [] 

2.3 Proof of  Corollary 3 
Let M, 5 c, and S(5 c) be as in the hypothesis of Corollary 3. Let L be a 

leaf of ~c, p E L and E be an embedded transversal section to 5 c such that  

p E E and E is biholomorphic to a polydisc in C n-1. We can take E small 

in such a way that  there exists a ho]omorphic vector field X defined in 

some neighbourhood U of E, wi thout  singularities and which represents 

U / U .  For each q E U there exists a unique uniformization aq: ]]3 --+ Lq, 

the leaf of 5 c through q, such that  aq(O) = q and a;(O) = /3 (q ) .X (q )  where 

/3(q) > 0. It follows from Theorem A that /3:  U --~ N+ is continuous. In 

fact, since/3 > 0, we get 

/gq(a'(o)) 
: 

where A is as in (2). 

_ / 

Now, consider the function A: U x D --+ M - S(U),  defined by 

A(q, z) = aq(z).  Let us prove that  A is continuous. Let ((q~, z,0),~_>l 

be a sequence in U x D such that  lim (qm, Zm) = (qo, Zo) E U x D and 
Tt~--~ OO 

a m = aqr a. Observe first tha t  am -+ aqo in the compact  parts of D. In 

fact, if (am~)k_>_l is any convergent subsequenee of (a,0,~>_l, a ~  k --+ ao, 

then a,~k(0 ) = qm k --+ qo = ao(0) ~ S(5c), so that  Theorem A implies 

tha t  ao E H(5c). Since, 

a' (0) =/3(qmk) " X(qmk)  -+/3(qo)" X(qo) = a~o(O) m k 

we get tha t  ao = a q o .  Therefore am --~ aqo. Now, since Zo = lira Zm E 
TFt--~ OO 

D, we have am(Zm) -+ aqo(Zo), and so lira A(qm, Zm) = A(qo, Zo). We 
m - - * o o  

need the following: 

L e m m a  1. (Liftinglemma.) Let V = A ( U  x II~), I = [0, 1] and E1 C E be a 

connected open set in E with p E El. Let  F: E1 x I ---+ V be a continuous 

map such that: 

a) F(q,  O) = q V q E E1. 

b) For any fixed q E E1 we have F(q  x I)  C Lq, the leaf of  J: through q. 
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Then there exists 

and _P(q, O) = (q, O) E 

Proof. Observe that  

uniformization of Lq. 

Fq(0) = q. It follows 

a unique _P: El • I --~ U • D such that A o ~F = F 

E1 • D, for  all q ~ El.  

A(q,O) = q and A(q,z)  = aq(z), where aq is an 

Moreover Fq(t) = F(q, t )  is a pa th  in Lq with 

from the lifting theorem for covering maps that  

there exists a unique pa th  b'q: I -+ D such that  _Pq(0) = 0. If we set 

_P(q, t) = _Pq(t), then clearly A o _F = F .  The continuity of _P follows 

from the continuity of A, as the  reader can check. [] 

Now, let 7: I --~ Lp be a closed pa th  with 7(0) = p- By taking a 

C ~ fibration transversal to 5 ~ in a ne ibhbourhood of 7(I) ,  such that  E 

contains a fiber, we can lift 7 to the leaves neighbours to Lp, in such a 

way that  we obtain a continuous map F:  E1 • I -+ V satisfying (a), (b) 

of Lemma 1 and 

c)  F ( p ,  t)  = 7 ( t ) ,  I .  

d) F(q, t) belongs to the fiber through 7(t). 

In this case f(q) = F(q, 1) E E is the holonomy transformation of 

Lp associated to [7] E 7rl(Lp). Let _P be as in the lifting lemma. If 

[7] r 0 in 7rl(Lp) then _Pp: I -+ D is not a closed pa th  in D. Since F is 

continuous there exists a neighbourhood E2 of p in E 1 such that  Fq is 

also not closed, q E E2. This implies tha t  if q E E 2 is such that  f(q) = q, 

so tha t  the path  Fq: I --+ Lq is closed, then it can not be homotopic to 

a constant  in Lq, because Aq = (~q:D -+ Lq is a universal covering. 

Therefore 9 ~ cannot have a vanishing cycle outside S(5v). [] 

3. Proofs of  Theorems B, C and of  Proposition 7 

3.1 Proof of Theorem B 

Let ~ be a foliation by curves in C P  n, n _> 2, such that  S(5 v) is finite 

and the singularities of 5 ~ in S(~-) have Milnor's number  1. In an affine 

coordinate system C n C C P  n, the leaves of ~ are the solutions of a 

differential equation 

dz 
- = P ( z ) ,  z = z n )  (1)  

dt 
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where S(5 v) ;3 C n = P - l ( 0 )  and  P = (P1, . . .  ,Pn) where the  Pj,s are 

polynomials .  We choose the  affine coord ina te  sys t em C n in such a way 

t h a t  S($ ')  c C n. In this  case, the  fact  t h a t  deg($-) = k > 2 means  t h a t  

Pj = pj + zj �9 h where pj is a po lynomia l  of degree < k and  h is an 

homogeneous  po lynomia l  of degree k. The  fact  t h a t  S(U) c C n implies 

t h a t  h ~ 0. The  fact  t h a t  all s ingular  points  of 9 v have Milnor ' s  number  

1 is equivalent  to  the  following: 

#S(5")  = N = 1 + k + . . .  + k ~ (2) 

o r  

if p E S(5 ~) t h e n  A = DP(p)  is non  singular.  (3) 

Let S(2") = { P l , . . .  ,PN} and  Aj  = D P ( p j ) , j  = 1 , . . .  , N .  Set 

Zj(z) = z - p j ,  so t h a t  (1) can be wr i t t en  as 

dZj = Zj = A j .  Zj  + Qj(Zj) ,  j = 1,. .  , g ( l j)  
dt 

Qj(z) 
where lira - 0. The  he rmi t i an  metr ic  g will be of the  form 

z--*0 Izl -- 

g = ~ 0 ' ' ' ~ N ]  ~ (4)  

where 

= 

Idzjl 2 + E ]zidz5 - zydzi[ 2 
j = l  i < j  

( E IPjl 2 + E I jl 2) 
j = l  i < j  

P t i j  = z i P j  - -  z j P i  : zipj - z j P i  

( fizz10 ~ ~ o ( z ) =  1 +  , a -  
j=l  

and  

~ j ( z )  = ~(IZj(z)12) ,  IZj(z)l  2 
n 

= E - pj l 2, 

(k - ~) 

( N  + 1) 

Pj = (P j l , . . .  ,Pin), 
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where ~: (0, +ec)  --~ (0, +oc)  is defined by 

~(t)  = a(t  + b) ~ 

for 0 < t _< to, where  to = e - ( l+2 /a )  < 1. 

2ac~2e2+ a 
for t > to, where a - 

(a + 2) ~+2 

and b = ~e  -(1+2/~). 

We observe t h a t  ~ was ob ta ined  by solving in t, a and  b the  sys tem 

(5) 

~ ( t )  = ~2( ), ~ ( t )  = ~'2(t), ~';(t) ~2t  ), 

where ~ l ( t )  = (gnt) -2 and ~2(t) = a(t  + b)% This  implies t h a t  qo is C 2. 

Observe t h a t  the  denomina to r  of # vanishes exact ly  on S(5 r)  and  qo > 0, 

~0 > 0, so t ha t ,  g defines a he rmi t i an  metr ic  on C ~ - S(Sr). We have to 

cheek the  following facts: 

I - 9 ex tends  to C P  n - -  S ( ~ ' ) .  Let  us call g again  the  extension.  

I I  - 9 is complete .  

I I I -  Kg < - A ,  where A > 0. 

P r o o f  o f  I. Le t  us consider a change of affine coordina tes  in C P  n, for 

instance,  wl  = 1/Zl ,  w j  = z j / Z l ,  2 <_ j <_ n. From (5), it is easy to 

check t h a t  there  exists r > 0 such t h a t  if Iz[ > r t h e n  

n 

(1 + E I~jl2) ~ ~0(--1 __W2,... ,Wn-)-- j = l  
' 20L wl we we Iwel 

and  
1 w 2 

~ J ( w l  w~ ) , , " . . , - -  

W l  W l  

a(l l  - pjlWlJ 2 + ~ lw~ - p~owaj2 + blWl?)~ 
e=2 

[Wll 2~ 
Moreover,  in the  new coordina te  sys tem,  

[dwj[ 2 + E [w~dwj - w jdwi l  2 
j = l  i < j  f 1 2 k - 2 .  # = • ,wl~ 

j : l  i < j  

Bol. Soc. Bras. Mat . ,  Vol. 25, N.  2, 1994  



196 ALCIDES LINS NETO 

where P = (-P1,-.. , Pn) is such tha t  the leaves of 5 ~ in C n = C P  n - 

{Zl = 0} are the solutions of the differential equation dw _P(w) and 

~ j  = wiP j  - wjPi .  We leave this computat ion for the reader (see also 

[C-L-S]). Since a = ( k - 1 ) / ( N + 1 ) ,  g can be wri t ten in a neighbourhood 

of {Wl = 0} in this new coordinates system as 

Id jl 2 + g 
g z ~ 0 ( W ) ~ I ( W ) . .  . ~ N ( w  ) j : J  i < j  

_ ~ j 2 + E  R~j2 (6) 

j = l  i< j  

where 

n 

(oj(w) = a ( l l - P j l W l ]  2 + ~ Iwg - p jgwl l  2 + blwll2) a, j = 1 , . . .  , N .  
g=2 

This proves tha t  g extends to all C P  n - S(9 c) as a C 2 hermit ian 

metric. 

P roof  o f  II. It is sufficient to analyze g in a neighbourhood of a pj E 

S(5C). Without  lost of generality we will suppose pj = Pl = 0 ( that  is 

j = 1). In this case, we have for ]z] 2 < to = e - ( l+2 /a ) ,  tha t  ~l(Z) = 

(gnlzl2) 2. We have also ~0(0) > 0, ~j(0) > 0 for j _> 2, so tha t  there 

exists r < v ~  and c > 1 such tha t  

c -1 _< ~D0(z)~2(z)...~N(Z) < c if Izl < r. 

On the other hand, since A1 = DP(O) is non singular, by taking a 

smaller r if necessary, there exists m > 1 such tha t  if [z[ < r, then  

n 

m-llzl  2 IPj(z)l 2 § IR j(z)l 2 
j==l i < j  

m[z[ 2. 

Moreover, it is not difficult to see tha t  if ~: (a, ~) --* B(0, r) = 

{z; Izl < r}, is a C 1 curve, then there exists another  constant  D > 1 

such tha t  

D- lh" ( t ) ]2  <- En q'j-(t) 2 + E ~'i(t)~(t) -- 7/(t)7~(t) 2 _ D , ' ) " t  2 . 1  ()]  

j -=l  i < j  
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This  implies t h a t  if E = cmD, t h e n  

E -1 l'7'(t)12 < g~(t)(I/(t)) < E I~"(t)12 
~/(~)12(~b( t )127 - _ 1.7(t)12(e~b(t)12)2 

Idzl 2 
T h e r e f o r e  g is equivalent  to  the  h e r m i t i a n  me t r i c  iz?(~nizl2)2 in 

B(O,r) - {0}. Since this  last  me t r i c  is comple t e  in B(0,  1), g is also 

comple te .  

P r o o f  o f  III .  Le t  us c o m p u t e  Kg. Fix  p E C n - S(U), where  C n is the  

first affine coo rd ina t e  sy s t em considered.  Le t  z:D~ = { T I [ T [  < r be  

the  so lu t ion  of  (1) such t h a t  z(O) = p. I t  is easy  to  see t h a t  

z *  ( g )  = p o ( z ( T )  ) . . . ~N(z (T )  DIdTI 2 = r  2 

This  implies t h a t  

Kg(p) - 
2 0 2 

~b(o) OTOT gn(r 

2 N 0 2  

[~n(~j(z(T))]T=0 
r  .5~o OTO~ 

1 0 2 
If  we set Kj(p) - ~j(p ) OTOy[gn(~j(z(T))]T=O, we get  

N 

Kg(p) = - 2  ~ [~0(P) . . -  ~ j - ~ ) . - .  ~N((P)]-IKj(p) 
j=0 

= - 2 ~ ~ ( p )  K j  (p). 
j=0 

We will prove  the  following facts: 

I I I .1  - Ko(p) > 0 for all p E C n - S( ) r ) .  

111.2 - Kj  (I)) >_ 0 for all p C C ~ - S(:U). 

I I I . 3  - l iminf I(j(p) > aj > 0, j = 1 , . . .  , N .  
p--~pj 

I I I . 4  - lira. Ki(p) = 0, if i r j .  
P---+P3 

I I I .5  - Kg(p) > 0 if p E C P  ~ - C n, the  h y p e r p l a n e  at  infinity. 

I t  is no t  difficult  to  see t h a t  these  five asser t ions  imply  t h a t  Kg < - A  
for some A > 0. 
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III.1 - A direct computa t ion  shows tha t  

o~(~-~ ,P j (z ) ,2+ ~ , R i j ( z ) ,  2)  
NO(Z ) = j= l  i<j 

(1 + Izl2) 2+~ 

This implies III.1 and tha t  lira Ko(p) = O. 
P--*P3 

III .2 - For Iz - pjl 2 >_ t o we have 

gn(~j(z) )  = gna + agn(b + Iz - pj]2). 

Since b > 0, gn(b + Iz - p j l  2) is pluri subharmonic,  and so KS(z  ) > 0 

15 f o r l z - p j  > t o .  O n t h e o t h e r h a n d ,  for Iz - pjl 2 _< to, we have 

gn(q~j (z)) = gn[(gn]z - pj 12)-2]. 

Hence 
0 0 [gnlz(T) - pjl 2] 

OT [en(~pj(z(T)))] = - 2 -  OT gn]z(T) - pjl 2 

- 2 <~,zj> 
lZl2e~tZjl ~ 

n 

where 2 = P(z),  Zj = z - p j  and {u, v} = ~ ue~t. 
g=l 

2 o [ <~,z~>: ] 
O0-T[en@j(z(T)))] = - 2 - ~  LlzjlNenlZjl2 J 

= -21zjl-2(enlZjl~)-Xl~l 2 + 2{Izjl-4(gnlZjl2)-l+ 
+ IZ~l-4(enlZjl2)-2}l<~,z~>l 2. 

Dividing the above expression by p j ( z )  = (enlZj l -2)  -2, we get: 

Kj(z)  = -2  enlzjl~2 I s -  iZjl 4 [l~12lzj I(~,zj>12]+2 

Now, a direct computat ion shows tha t  

1~121Zjl 2 - I<~ ,Zj> l  ~ 

I<~, zj>l 2 

IZjl 4 

= ~_. I(ze -Pj~.)zm - (Zm --Pjm)kel 2 = IHI 2 
g < m  
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Since IZjl 2 < to < 1, we get  

enlzjl 2 I{~,zj) l  2 
Kj(z) = 2 [HI 2 § 2 > 0 

IZjl 4 [Zj[ 4 -- 

I I I . 3  - O b s e r v e  first  t h a t  

= Zj  = P(pj  + Zj) = A j .  Zj  + Qj(Zj )  

where  t he  o rder  of  Qj at  Zj = 0 is > 2. Since we are  f ixing j ,  we 

will o m i t  f rom now on the  index  j .  Le t  A .  Z = (B 1 �9 Z , . . .  , Bn �9 Z), 

Z = ( Z 1 , . . .  , Zn) a n d  set  

gnlZl 2 l iA.  z , z } [  2 

~(z)=2 1214 ~2+2 1214 
where  

2 = ~ IZeB~. z -  z~Be .  zl  2. 
g < r a  

I t  is no t  difficult  to  see t h a t  

where, 

so that, 

A 
Kj(z) = K(z) + R(z) 

IR(z)l ~ cllZ[ enlZl 2 + c21Zl ~ lim R(z) = 0 
Z--.0 

A 
lira inf K j  (z) = lira inf K(z) .  

z---+pj z - + p j  

On the  o the r  hand ,  s ince ]Z] 2 < to, we get  

A ( l e n t o l  Y 2 + l( A" Z, Z}l 2) 
~;(z) _> 2 = k l ( Z )  > o (7) 

IZl 4 

Now, if s > 0 we have  k l ( sZ)  = k l ( Z ) ,  so t h a t  it is sufficient to  p rove  

t h a t  k l ( Z )  r 0 for Z ~ 0. B u t  k l (Z)  = 0 impl ies  t h a t  H 2  = 0 and  

(A.  Z, Z} = 0. Now, 

2 = 0 ~ A .  Z = AZ ~ Z is an  e igenvec to r  of  A ~ A r 0, 

because  A is noD. s ingular .  In  th is  case  {A. Z,  Z} = A[ZI 2 = 0 ~ Z = 0. 
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Therefore  lim infz.~pj t ( j  (z) > 0, which proves III.3. 

We leave the  proof  of III .4 for the  reader.  For the  proof  of III.5, jus t  

use (6) and  III.1. This  proves Theorem B. [] 

3.2 P r o o f  o f  Theorem C 

Let -TO E N~ and s ~ 5cs be a parametrization of a neighbourhood 

A/ of 5CO in Nff. Let  { P l , - - - , P N }  = S(5C0). Since 5Co has Milnor 's  

number  1 and  all Pj,s, it is well known t h a t  we can choose the  doma in  

of the  paramet r iza t ion ,  say /3, in such a way t h a t  there  are holomor- 

phic funct ions  p ~ , . . .  ,PN: B ~ C P  n such t h a t  pj(O) = pj and S(SCs) = 

{pl(S),... ,pN(S)}. Fix  also an affine coord ina te  sys tem C n c p n ,  such 

t h a t  S(~0) C C n. If  we take  B small  enough,  we can suppose t h a t  

S(SCs) c C n for all s ~ B.  In this  case we can define for each s E /3 a 

he rmi t i an  metr ic  g s as in (4) by, 

g~ = P0~i  . . .  ~ v #  ~ (4') 

where ~0 is as before, p~(z) = p(Iz - pj(s)[ 2) and  

Id sI 2 + E k jd j- 2 
] . ts  = j = ]  i < j  

j =  1 ' . 

where 5C81C n is given by the  differential  equa t ion  ~ = PS(z),  P~ = 

( P ~ , . . .  , R s) and  Ri5 = z i P f  - z i p  s.  Observe t h a t  (s ,p)  ~ g~ is C 2. 

Let  S c B x C P  n be defined by 

S = { ( s ,p j ( s ) ) l s  e B , j  = 1 , . . .  , n } .  

T h e n  U = B • C P  n - S is open and  we can define K:  U --+ R by 

K ( s , p )  = Kgs(p). Clear ly  K is cont inuous.  

Now, if N~ is defined as in w and  C c / 3  is a compac t  set let 

c' = {(5c,, ,,) Uf'ls c} .  

It is enough to prove t h a t  C '  is compact .  

I t  follows from the  proof  of Theorem B t h a t  

s u p { K ( s , p ) t ( s , p  ) c U,s  E C }  = - a ,  a > O. 
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Let U be the foliation on B • C P  n, whose singular set is S and whose 

leaf through (s ,p)  c= U is L~, the leaf of Us through p. Consider the 

metric g on U defined by g(s,p) = g S + l d s ]  2. It is easy to see that  

K g ( s , p )  = K ( s , p ) .  

Let ((Un, an))n>l be a sequence in C', where Un = Usn. Since C is 

compact  we can suppose that  Un --+ Us for some s E C. We can suppose 

also tha t  the an'S are not  constants.  From the proof  of Theorem A, 

it follows that  (an)n>l has a convergent subsequence, so that  we will 

suppose that  an --~ a in the compact  parts of D, where either a is the 

uniformization of some leaf of Us, or a(D) c S. Now, since the leaves 

of U are contained in the fibers of 7r1: B • C P  n --~ B ,  it is easy to see 

that  in the second case a(D) C S N 7rll(s) = S(Us) .  Hence a(D) is a 

constant  in S(Us) .  This proves Theorem C. [] 

3.3 Proof of Proposition 7 

Let P and X = ( X 1 , . . .  , Xn) be as in the s ta tement  of the proposition. 

Since P is bounded  we can assume that  

1 
P c B1/2 = { z  ~ Cnl lz l  < ~}. 

Consider the hermitian metric gl in P - {0}, defined by: 
n 
E Idzil 2 

j : l  

gl  = 12 (8) (gnlz[2) 2 ~ [Xj(z) 
j = l  

If we compute  K~I by the method  of the  proof  of III.2 in w we get 

, 4gnlzl 2 Ka(z)  =-41(x(z )  z)[ 2 + ~ [IX(z)121zl 2 I(X(z),z)12]. 
Izl 4 Izl 4 - 

Since Izl < 1/2 on P ,  we have ~nlzl ~ _< - e n 4  < -1 .  Therefore 

IKo~(z) l  = 4[(X(z)'z)[2 + 
Izl 4 

> 4[X(z)l 2 
_ lz[2 > o. 

4 gn[zl 2 
[zi4 [IX(z)121zl 2 -  I(X(z),z)[ 2] 

(9) 
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Since DX(O) is non singular, by an argument  similar to the  proof of 

III.3 of w we get from (9) that:  

liminfKgl(Z) = - a l ,  a l  > 0. (10) 
z-~0 

Moreover, since IX(z)t ~ c > 0 for Izl > r,z  E P, we get from 

(9) that  IKgl(z)l > 16c 2 for z C P with [zl > r. This implies tha t  

Kg 1 ~_ -a2 in P -  {0}, for some a2 > 0. 

Now, let P = Dr] • " ' "  • D r n ,  where 

Dr = {z e Cllzl < r} 

and g2 be the herlnitian metric on P defined by 

4r lezjl 2 
g2 

j = l  

The metric g2 has the following properties: 

1 - g2 is complete (on P).  

2 - There  exists a3 > 0 such tha t  for any holomorphic embedding 7: D -* 

P,  then  g2 induces Gaussian curvature _< - a 3  on 7(D) (cf. ch. III of 

[K]) 
It follows from Proposition 3.1 of Chapter  I of [K] tha t  g induces 

Gaussian curvature Kg < - a  on the leaves of ~ ,  where 

a -1 = a21 + a31. 

Finally, since g2 is complete on P ,  by the same computat ions already 

done in the proof of II of w it follows that  g is complete on P - {0}. 

The  proof of the remaining part  of the proposition is analogous to 

the proof of Theorem A, so we leave it for the  reader. [] 

4. P r o o f  o f  Corollaries  5 and 6 

4.1 Proof of  Corollary 5 
Let ~ be a foliation on C P  n like in Theorem B, and h: D* --~ L be a 

holomorphic map, where L is some leaf of 9 v. Fix an uniformization 
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a : D  --* L. Let 7 be a generator of 7vl(D*) and consider h.(v) E 7rl(L). 

We have two possibilities: 

a) h.(7) = 1 in w I(L). 

b) h. (7) # 1 in 7r 1 (L). 

Let us suppose that  h.(v) = 1. In this case, it follows from the 

theory of covering spaces tha t  h can be lifted to tt: D* --+ D, where h is 

holomorphic and a o h = h. Therefore big Picard's  Theorem (cf. ch. 

V of [K]) implies tha t  h extends to a holomorphic map, which we call 

again h, h: D --+ D. From this we can conclude that  h extends to a 

holomorphic map (h again), h: D -~ D, where h(0) = a(h(0)) E L. 

Let us suppose now tha t  h. (7) # 1. We will prove tha t  there exists 

lira h(z)  = p, where p E S(5~). Consider the set K = N h(D$) ,  where 
z--*0 0 < r < l  

D~ = {z E ]I)lO < Izl < r}. 

Then  K is compact,  connected and non empty, because 

(3O 

K = A h(D~/n)" 

It is enough to prove tha t  K = {p}, p E S(U). Suppose by contradiction 

tha t  this is not true. Then, there exists qo E K - S ( U ) .  Clearly qo = 

lira h(zn) ,  where zn E D* and lira zn = 0. Set rn = Iznl and 
7%--+00 75--+00 

We will show that ,  for large n, h(fn) is homotopic to a constant in L, 

which contradicts the fact tha t  h, (V) ~ 1. Let g be the hermit ian metric 

constructed in Theorem B, where K 9 < - a  2, a > 0, and #p  be the 

Poincar6 metric in ]I}*. It follows from Ahlfor's lemma tha t  

1 
h*(g) < ~ # P .  (I) 

Let gn be the length of Vn in the  metr ic  #p,  and g~, dn be the length 

and the diameter  of h(Vn ) in the metric 9, respectively. Inequality (1) 

implies that:  
- -  l g  
g~ _< - n .  (2) 

a 
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Since gn = 2~r/ignrni, we have lira gn = 0, and so lira gn = 0. Therefore 
Tt--+ OO T/, --'+ OO 

lira dn = O, because dn <__ gn. 
n--+ O0 

Now, qo ~ S(5c), implies that  there exists a local trivialization (qa, Q) 

of $-, where 

qo e Q, qo(Q) = B n-1 x ]I}, 0 G B n - l ,  B n-1 

is a ball in C n - l ,  ~(qo) = (0,0) and the leaves of ~'IQ are the disks 

{x} x If}, x E B n-1.  On the other hand, 

lira h(zn)  = qo, h(zn)  E h(7n ) and lim dn = O. 
n --* oo n ~ oo 

Hence, there exists no > 1 such tha t  for n > no we have h(Tn ) C Q. Since 

h(7~) c L we must have h(%) C {0} xIl) C L, which implies tha t  h(7~) is 

homotopic to a constant in L. This proves that  h extends to a continuous 

map (which we call again h), h:D --+ C P  ~, where h(0) = p E S(~'). It 

follows from Riemann's  extension theorem that  h is holomorphic. [] 

4.2 Proof of Corollary 6 

Let 9 r be a foliation on CP n like in Theorem B. Let L be a leaf of 5 r, 

c~:D --+ L be an uniformization with (~(0) = q E L, and d:zrl(L,q ) --+ 

G(L) be the isomorphism associated to a. 

Suppose first that L contains a separatrix F, where F = F LJ {p} and 

has a Puiseaux's parametrization 5: ID --+ F, where 5(0) = p E S(9 r-) 

and 5(]I}*) = F. We will assume that 5(i/2) = q = a(0), so that if 

7 {z  e D*lIzl = 

we have 5.(7) E ~rl(L,q). Observe tha t  Corollary 5 implies 5.(7) ~ 1, 

because p = 5(0) ~ L. Consider L with its s t ructure  of Riemann surface, 

induced by the complex s tructure of C P  n. The idea is to prove tha t  

there exists a Riemann surface L and a point • 6 L such that L - {/5) is 

biholomorphic to L in such a way that F is a punctured neighbourhood 

of/5 in L. This will imply that d(5.(7)) is parabolic (cf. [M]). In order 

to prove this fact we use the blowing-up resolution of F. It is know that 

can be solved by a sequence of blowing-ups, in such a way that if 

we denote the composition of all these blowing-ups by 7r, then It: M --+ 
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CP(n)  is a proper analytic map with the following properties (cf. [F]): 

a) M is a complex manifold. 

b) 7r-l(p) = 7) is a union of projective spaces C P  n-1. 

c) 7clM - 19: M - 19 -+ C P  n - {p} is a biholomorphism. 

d) ~r-l(F) = F U 19, where F is smooth and 7r(F) = F. 

e) P is transverse to 19 and I~ N 19 = {/5}, where/5 belongs to a unique 

projective space of the  decomposition of 19. 

The curve F is called the strict t ransform of F. The Riemann surface 

I, is obtained from L as follows: L = (L - F) U I~. It is clear from the 

construction tha t  L - {/5} = L and tha t  r = F - {15} is a punctured  

neighbourhood of/5 in L, as claimed. 

Now, suppose tha t  G(L) contains a parabolic element f .  Let 

C( f )  = {h E G(L)Ih f = f h } .  

Since f is parabolic, C( f )  is isomorphic to Z and f = h n, n _> 1, where 

h is a generator of C(f ) .  Consider the quotient space D / C ( f ) ,  of D 

by the equivalence relation which identifies points in the same orbit 

of C(f ) .  Then  D / C ( f )  is biholomorphic to I[3", and the projection of 

the equivalence relation can be identified with a holomorphic covering 

map /~:D -+ II3". Now, for any w E D*, r is a C(f) -orbi t  and so 

c~(f1-1 (w)) is a point in L. In this way we obtain a holomorphic covering 

map 0: ID* --+ L, which makes the diagram below commute  

D 

L 

If d: 7q (L, q) --, G(L) is as before, then there exists q* E D* such that  

0.(7c1(II}*, q*)) = d - l ( C ( f ) ) ,  so that  if -y is a generator of 7c1(1D*, q*), then 

0.(-y) = d - l (h )  r 1. It follows from Corollary 5 tha t  0 extends to a 

holomorphic map 0: D -~ C P  ~ such that  0(0) = p E S(gr). 

Let (z, U) be a local coordinate chart  such tha t  z(p) = 0 E C n and 
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r > 0 be such that  0(Dr) C U. Then, for IT I < r, we have 

O(T) = (Tk lu l (T) , . . .  , Tknu~(T)) 

where either uj(O) r 0, or uj =-- O, 1 < j < n, and there exists J0 E 

{1 , . . .  ,n} such that  ujo ~ O. After a linear change of variables in 

C ~ we can suppose tha t  U l , . . .  , u s  ~ 0 and tha t  kl . . . . .  kn = k. 

After a change of variables in a neighbourhood of 0 E ]I3, of the form 

s = T ~ ,  we can suppose that  OIDr, = ~ is of the form 

= (s k, s % 2 ( s ) , . . .  , 

where uj(O) r O, j >_ 2. This implies tha t  if F = O(Dr,) and r = O(D~,), 
then ~lDg,: D;, --, r is a finite covering and p'(s) r 0 if s r 0. In fact 

plD~, will be an embedding, because d -1 (0.(~/)) is a generator of C(f).  
Therefore L contains a separatr ix F, which proves Corollary 6. [] 
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